Abstract. In this paper, we first introduce certain forms of extended incomplete Pochhammer symbols which are then used to define families of extended incomplete generalized hypergeometric functions. For these functions, we investigate various properties including the integral representations, derivative formula, certain generating function and fractional integrals (and derivatives) relationships. Some special cases of the main results are also deduced.
Introduction and Preliminaries
Extensions, generalizations and unifications of Euler's Gamma function together with the set of related higher transcendental special functions were studied recently by Chaudhry and Zubair in [3] . In particular, Chaudhry and Zubair [2, p. 100, Eqns. where K ν (x) denotes the familiar modified Bessel function [4] .
In this paper, we first introduce the family of the extended incomplete Pochhammer symbols (λ; x, p) ν and [λ; x, p] ν by means of generalized incomplete Gamma functions γ(s, x; p) and Γ(s, x; p), respectively. We then derive its useful properties and make use of it to define and investigate the family of the extended incomplete hypergeometric functions r γ p s (z) and r Γ p s (z) with r numerator and s denominator parameters. For these extended incomplete hypergeometric functions, we derive various integral representations involving higher transcendental functions. We also derive a derivative formula, certain generating function relationships and fractional integrals (and derivatives) involving the extended incomplete hypergeometric functions. For other investigations on the subject and related areas, one may also refer to the works in [1, 7, 6, 9, 10] .
The Extended Incomplete Pochhammer Symbols
In terms of the generalized incomplete Gamma functions γ(s, x; p) and Γ(s, x; p) defined by (1.1) and (1.2), respectively, the new forms of the Pochhammer symbols (λ; x, p) ν and [λ; x, p] ν (λ; ν ∈ C; p ≧ 0) may be defined by
Obviously, then these new forms of the Pochhammer symbols (λ; x, p) ν and [λ; x, p] ν then satisfy the following decomposition relation: 
Also, by writing the relations (2.1) and (2.2) as
we have the following lemma for the extended incomplete Pochhammer symbols (2.1) and (2.2).
Lemma 2. Let λ ∈ C; m, n ∈ N 0 and ℜ(p) > 0, then for (λ; x, p) ν and [λ; x, p] ν , we have 
where α 1 , . . . , α r ∈ C and β 1 , . . . , β s ∈ C \ Z − 0 provided that the series on the right-hand side of (3.1) and (3.2) converge.
Following (2.3), these families of extended incomplete generalized hypergeometric functions satisfy the following decomposition formula:
which is an extension of the generalized hypergeometric function r F s (z) studied in ([6, p. 487, Eq. (15) 
Proof. Using the integral representation of the extended incomplete Pochhammer symbol [a 1 ; x, p] n defined by (2.5) and then changing the order of summation and integration, we obtain
which is precisely the second member of the assertion (3.6). This establishes Theorem 1. 
Proof. By considering the following elementary integral form of the Beta function B(α, β):
in the left-hand side of (3.8) and using (3.2), we get the desired integral representation (3.8).
The following corollaries are easy consequences of the results (3.4) and (3.5). 
zt dt, (3.9)
The well known Laguerre polynomial L (α)
n (x) of order (index) α and degree n in x, the incomplete Gamma function γ(k, x) and the Bessel function J ν (z) are, respectively, expressible in terms of the hypergeometric functions by (see, e.g., [4] )
Now, applying the relationships (3.12) and (3.13) to (3.9) and (3.14) to (3.10), we obtain integral representations for the extended incomplete hypergeometric functions defined by (3.4) and (3.5), which are asserted by the Corollary 2.2 below.
Corollary 2.2. Each of the following integral representations hold true:
2 Γ 1 (α, x; p), −m; 
provided that the integrals involved are convergent.
Since the incomplete gamma function γ(α, x) is connected to the error function erf( √ z) by means of the relation (see, e.g., [4] ):
therefore, by applying the relationship (3.18) to (3.16) with β = 1 2 , we get the following integral representation for the extended incomplete hypergeometric function (3.4).
Corollary 2.3. The following integral relationship in terms of the error function erf(z) holds true:
Theorem 3. The following derivative formulas hold true:
provided that each member of the assertion (3.20) exists.
Proof. Differentiating (3.2) with respect to z and then replacing n → n + 1 in the right-hand side term, we get
where we have used the identity (2.6). Repeated procedure n-times gives the formula (3.20).
Certain Generating Functions
In order to derive certain generating functions, we find it to be convenient to choose the abbreviated notation ∆(N ; λ) which stands for the array of N -parameters:
the array ∆(N ; λ) is understood to be empty when N = 0. We first establish the following generating function. For p = x = 0, the corresponding deduced results below are mentioned in [8] .
provided that each member of (4.1) exists.
Proof. Let S be the left-hand side of (4.1). Using (3.2), we have
where we have changed the order of summation and used the identity:
Applying now the binomial summation:
in (4.2) and using again (3.2), we arrive at the desired result (4.1) of Theorem 4. 
Theorem 5. Each of the following generating functions hold true:
(4.7)
Fractional Calculus Approach
In this section, we deduce the formulas for the Riemann-Liouville fractional integral I 
and
where [y] means the greatest integer not exceeding real y.
y > a, the following relations hold true:
Proof. Making use of (5.1) and (2.2) and applying term-by-term fractional integration by virtue of the formula [5] : Differentiating (5.7) term-by-term and using again (2.2), we are led to the desired result (5.4).
